Abstract. Rough path analysis applies successfully to multidimensional stochastic processes (cf. [FV10] Once such connection is established, rough integration bounds are employed to estimate the errors arising from time-discretisation of the theoretical continuous-time trading strategies. We find that the portfolio trajectory resulting from the hedging strategy, when analysed pathwise, is sensitive to Greeks beyond the leading first-order Delta, and is Gamma-sensitive in particular. This provides a theoretical underpinning to reconcile traders' practice of Gamma-neutral hedging. We interpret the Gamma position in terms of (co-)variance swaps on the underlying securities, and we enlarge classical strategies in cash and stocks with positions on such swaps.
Introduction
The task of pricing and hedging contingent claims written on an observable underlying security involves modelling the future evolution of the security's price. Restricting to continuous price trajectories, classical models rely on the probabilistic theory of diffusions and assume that the price's evolution will represent a realisation within a family of possible scenarios characterised by some common distributional features. Diffusion processes are conveniently and serviceably described by Kiyosi Itô's theory ( [Ito44] , [Ito46] ) of stochastic integration and Stochastic Differential Equations (SDEs), whence its wide, successful spread in Mathematical Finance.
Itô's integrals are constructed by crucially exploiting the theory of martingales and so they presuppose a probabilistic framework, encompassing in particular a space of samples (which are all the possible trajectories of the diffusion process) and a probability measure (which weights those trajectories). In such a framework, the attempt of focusing on one individual path (which is a singleton of the sample space) encounters several issues of singularity, stemming from the fact that the mass of singletons, as given by the weighting probability measure, is zero.
The pioneering work of Terry Lyons ([Lyo98] ) paved the way for a pathwise analysis of differential equations driven by unbounded-variation signals (in particular, by diffusion processes' trajectories and by semimartingales' paths). These equations are referred to as Rough Differential Equations (RDEs). The terminology "pathwise" refers to the discourse that refrains from considering the trajectory under examination as one instance of a probabilistically characterised family, and that allows the analysis of the integral path aloof from the stochastic base needed for Itô's integration. Lyons' construction rests upon the idea of encoding the information of a path t → X(t), 0 ≤ t ≤ T , by storing not only its trace X([0, T ]) but also a series of "iterated integrals" of X against itself. These pieces of information are collected in the so-called signature of the path; each one of those is referred to as a level of the signature and numbered in accordance with the number of integral iterations. In the following pages, we will deal with paths of finite p-variation for some p between 2 and 3; therefore, only one additional piece of information will be required, which we shall denote by X. The pair (X, X) will be called p-rough path and its two components will represent respectively level one and level two of the signature.
A manageable, simple treatment of rough paths was introduced by Massimiliano Gubinelli in [Gub04] . He observed that, in order to define the pathwise integral of some continuous t → H(t), 0 ≤ t ≤ T , against a p-rough path X = (X, X), the existence of a "derivative" of H with respect to the trace X constitutes a convenient, fruitful requirement. This derivative, denoted by H ′ , multiplies 3 the second order process X; the resulting term H ′ X is used to compensate the classical Riemann sums of the theory of Stieltjes integration, hence assisting the convergence of such compensated sums to a limit, which is proved to exists and defines the rough integral of (H, H ′ ) against X = (X, X). This has permitted the development of a Banach-space (i.e. linear) theory of integration, which we will refer to as rough integration. What is needed here of that theory is summarised in Appendix A; it rephrases the founding definitions and lemmas in the regime of p-variation regularity, as opposed to Gubinelli's original regime of Hölder regularity.
Aligning with the tradition -commenced by [HP81] -of representing capital gains as stochastic integrals, we consider the integral process that describes the portfolio of stocks in the hedging strategy for a European option. 4 Classically, the integrand of such process is the delta sensitivity (cf. e.g. [Bjo09, Section 9.2], [Shr04, Subsection 4.5.5]), i.e. the derivative of the option's value with respect to the underlying. Developing the original intuition of [Bri18] , we show that the Gubinelli's derivative of the delta hedging is the sensitivity Gamma, defined as the second derivative of the option's value -see Theorem 2.6. This allows to put capital gains under the lenses of pathwise analysis and to investigate to which extent the classical results of option pricing and hedging can be separated from their probabilistic nature.
A cornerstone for the classical option's valuation is the Black-Scholes partial differential equation. Its solution (a function of time and of the underlying's price) gives the fair value of the option, in view of the fact that the stochastic process obtained by applying this function after the pair (t,S t ) -where t denotes time andS denotes the stock's discounted price -is a martingale under the pricing measure. Mathematically, this is understood by the cancellation that takes place inside the time-integral in the formulation of the classical time-dependent martingale problem (cf. e.g. [RY99, Chapter VII, (2.11)Exercise]). By defining the class of reduced rough paths of diffusion type and employing these in the modelling of the stock's price, we are able to make the same cancellation happen circumventing the need of any probabilistic tool:
5 the increments of the discounted option's value will still be those of an integral path with the discounted price trajectory as integrator, but such integral will be understood in the rough path framework.
This opens the door to the RDE formulation of the classical equations of Mathematical Finance; in the appropriate setting, those RDEs are found to syntactically coincide with the well-known SDEs. More importantly, the proposed framework addresses some robustness issues. The one analysed in the paper concerns the robustness of the delta hedging, as discussed in Mark Davis' entry in the Encyclopedia of Quantitative Finance ([Enc10] , see also [KJS98] , [EJP17] ). When setting a hedging strategy, a trader relies on his/her modelled dynamic, despite the fact that such model is unlikely to concur with the assumed-existent actual price dynamic. Corollary 2.9 and Proposition 2.11 tackle the error that this entails, and they do so not only in a probability-free manner but also without assuming an Itô's diffusion-type form for the actual price trajectory, which in particular can be rougher than Brownian motion.
Secondly, rough integration bounds are applied to estimate the cost of financing of implementable discrete-time strategies. Classically, the theoretical self-financing condition of frictionless continuous-time trading is expressed in terms of Itô integrals, thus resulting in quantities that are sensitive to the probability space. In the spirit of pathwise analysis, the error bound of Corollary 2.8 retains instead the independence from the probability measure of the market model.
Thirdly, we propose to interpret the second-order process at level two of the price path's signature as payoff of certain (co-)variance swaps. Under such interpretation, in Section 2.2 we enlarge the classical strategies in cash and stocks with positions on these swaps. We prove the existence of an enlarged strategy whose financial requirement agrees with the classical Black-Scholes price of the contingent claim, i.e. with the initial endowment of the classical delta hedging. The error of replication of such strategy is explicitly computed in terms of the Gamma sensitivity and of the exogenously-given prices of the swaps; it therefore hints at a model-independent threshold on the cost of hedging.
All this is work in progress. We conclude this introduction by listing some possible developments.
The price of a European option is given, after arrangeable discounting, by the diffusion semigroup P t = exp(tL) of the stock price dynamic. We would like to investigate possible improvements of the integration bounds that can stem from the contractivity of P t . More precisely, we would like to bring to the integration controls inequalities like the ones in [BGL14, Theorem 5.5.2] -particular reference here goes to [BGL14, Equation (5.5.4)].
Also, this suggests a related speculative direction. One of the advantages of the classical probabilistic formulation is the possibility of making prediction. It necessary adopts a synthetic viewpoint on the distributionally weighted collection of trajectories. Can we bridge the pathwise viewpoint with a synthetic description by integrating with respect to the invariant measure of the semigroup?
Finally, we remark that the (co-)variance swaps' payoffs in Section 2.2 are defined through a formulation meant to match the symmetric second-order part of the Itô-lifted prices. This yields the RDE version of the well-known Black-Scholes portfolio dynamic. Financially however, the choice of considering the exchange of X, X s,t for X s,t ⊗ X s,t can be disputed. More often, variance swaps are described as contracts that entail the exchange of (a proxy for) the realised quadratic variation with a non-floating quantity. The latter is commonly determined by a static replication argument and hence interpreted as implicit in the market (in the spirit of [BL78] , see also [CM98] ). Recall that the same line of reasoning lead to the formula for the VIX index. The idea here would be to exploit the degree of freedom in the choice of second-order processes. Indeed, rough integration theory is not constrained to the Itô-lifted paths and remains valid for all perturbations of second-order processes by the increments of suitable functions. Can we derive the RDEs for the portfolio dynamics after incorporating the fair values of the variance swaps in X? Can we therefore give pathwise strategies in cash, stocks and VIX index? Non-usual lifts have been considered in Physics, e.g. for the Brownian motion in a magnetic field (cf. [FH14, Section 3.4]).
Preliminaries and heuristics

Financial notation and classical pricing
Suppose that each component of the price vector S t ∈ R d of d non-dividend paying stocks displays the following dynamic
on a stochastic base (Ω, F, P , (F t ) t , (B t ) t ) carrying a standard n-dimensional Brownian motion (B t ) t . Einstein's summation convention on double indexes is employed and will be throughout all the paper. The vector µ in R d and the matrix σ in R d×n are the model parameters. It is assumed that there exists κ in R n such that σκ = r − µ, where r = (r, . . . , r) ∈ R d is the vector of constant deterministic interest rate. This guarantees the absence of arbitrage [Bjo09, Proposition 14.1]. The process (S t ) t is referred to as risky asset. On the contrary, the riskless asset is denoted by S 0 t and follows the mono-dimensional deterministic dynamic
The value of its corresponding portfolio is defined as the real-valued process
and we say that the strategy is self-financing if on a P -full set
(1.1)
Equivalently, φ is self-financing if and only if the discounted valueṼ t (φ) :
whereS t := S t /S 0 t = e −rt S t is the discounted price of the stocks. Notice that
. By Girsanov theorem, there exists a probability measure P * equivalent to P such that under P * the process
is a standard Brownian motion. The measure P * is referred to as pricing measureas opposed to the "physical" measure P -and is explicitly given by
Since dS i =S i σ i j dW j , we have that under P * the discounted price vector is a martingale. As a consequence, the discounted portfolio valueṼ t of any self-financing strategy is a P * -martingale too andṼ
Let h be continuous and bounded on R d andh := e −rT h. Leth(S T ) be the discounted payoff of a claim under consideration. Assume that there exists a self-financing φ such thatṼ T (φ) =h(S T ), P -almost surely. Then, (1.2) justifies the pricing paradigm according to which the price at time t < T of a contingent claim f = f (S T ) is given by
We explicitly remark that ifṼ T (φ) =h(S T ) then (1.2) reads
where (P t ) t is the semigroup on C b (R d ) generated 6 by the infinitesimal operator
of the dynamic ofS. Hence, the stochastic processṼ t is a deterministic function F = F (t, x) of time and space applied after (t,S t ) which solves
3) is the discounted version of the celebrated Black-Scholes partial differential equation; 7 solving it amounts to finding the arbitrage-free price of the contingent claim h(S T ). This task does not involve the local mean µ of the physical dynamic for S t which instead is needed for the change of measure above and hence the justification of the pricing paradigm. The choice of focusing on discounted trajectories S t when elaborating the mathematical discourse reflects this regardlessness of the drift under the physical measure P : for pricing and hedging the dynamic that matters is dS i = S i (rdt + σ i j dW j ), with fixed drift determined only by the interest rate and hence constituting not a feature of the price trajectory but one of the environment. 6 By this we mean the semigroup of linear operators on C b (R d ) such that for any continuous and bounded f , the solution of the Cauchy problem
where the real-valued process Zt, used as computational tool, starts at s 0 and under the physical measure P follows the dynamic dZ = rZdt + σZdB. We can therefore writẽ
wheref := e −rT f and Tt is the semigroup generated by
and we deduce thatṼt =ṽ(t, Zt) with
. By considering v(t, z) := e +rtṽ (t, z), we have the (undiscounted) Black-Scholes partial differential equation
The familiar expression −rv + ∂tv + rz∂zv + Nonetheless, when the mathematical discourse leaves its place to financial considerations, the fundamental object is the (undiscounted) price trajectory S t , which is the one observed in the market. By introducing f (z) := h(e −rT z), we can describe the contingent claim h(S T ) above as f (S T ) and rewrite its discounted price as
For the undiscounted price of the contingent claim we therefore have V t = v(t, S t ), with v = v(t, z) solution to
We set the following notation for future reference:
, and
Hedging
All the above is classical and well-known, and it immediately suggests the hedging practice. We start solely from the following three pieces of information:
, 0 < α < 1, which parametrises volatilities and covariations. These are the data, all the rest is construction. With slight abuse of notation we will refer to σ as (co-)volatility; notice that it generalises the linear case 8 of Section 1.1. The co-volatility σ is thought of as a function of the x-variable (as opposed to the z = e rt x-variable) which, applied afterS, gives the diffusion coefficient in the stochastic dynamic of the discounted price trajectory. We set a = (a i,j ) i,j = σσ T and let L be the second-order differential operator
The operator L is assumed to be locally uniformly elliptic. We denote by (X t ) t the dynamic dX = σ(X)dW associated with L, where it remains understood that W t is a standard n-dimensional Brownian motion on a stochastic base (Ω, F, P * , (F t ) t ). Set P t := e tL for the semigroup of L on C b (R d ) and define F (t, x) := P T −th (x), 8 We remark that in the non-linear case the change of coordinates that brings the generator L = 1 2
x i x j of the dynamic ofS into the generator of the dynamic of the undiscounted S will result in the time-dependent
whereh := e −rT h. By Itô-Doeblin,
Interpret X t as the discounted valueS t of a risky asset under the pricing measure and consider the strategy φ t = (H 0 t , H t ) given by
This strategy results in the (undiscounted) portfolio process
it is self-financing and such that e −rT V T (φ) =h(S T ). Since the undiscounted price of the option written as a function of (time and) the undiscounted trajectory is v(t, z) := e rt F (t, e −rt z), we see that H t = Delta t , i.e. the classical position in stocks for the delta hedging.
Actually, in real trading, hedging happens in discrete time and, given a partition π of [0, T ] of meshsize |π| := sup{|u ′ − u| : u ∈ π}, the strategy H t is commonly replaced by
where for u ∈ π we denoted by u ′ := inf{v ∈ π : u < v} its next partition point. For future reference, let us also specify the following notation: if t is in [0, T ] we denote ⌊t⌋ := sup{u ∈ π : u ≤ t},
The (Itô-) integral of the elementary caglad process
H being continuous, the discrete-time integral converges in probability to the Itô integral HdX along any sequence (π n ) n of partitions with meshsize |π n | shrinking to zero (cf. [RY99, Chapter IV, (2.13)Proposition]). The convergence however does not happen pathwise for arbitrary sequences of partitions; if it did, the integrator X would be of bounded variation (see Proposition B.1 in the Appendix B), which is not the case for semimartingales. Circumventing this hindrance is possible relying on rough integration theory. Our reference for it is the textbook [FH14] ; in Appendix A some of the borrowed terminology is collected, and the "Sewing Lemma" ([FH14, Lemma 4.2]) is recalled.
Consider the (Itô-lifted) reduced rough path X = (X, X sym ), where for 0
The symbol X, X stands for the quadratic covariation of the semimartingale. Since the second order process will always be tested after the Hessian ∇ 2 xx F of F , we restrict ourselves to reduced rough paths ([FH14, Section 5.3]) and we write X = X sym for brevity. For almost-every realisation of the discounted price path, it holds X p-var < ∞ and X p/2-var < ∞, for any 2 < p < 3. For the heuristic considerations of this paragraph, let us assume that in fact we are working in the Hölder regularity regime, i.e. that X 1/p-Höl < ∞ and X 2/p-Höl < ∞. Suppose additionally that F is in
e. three times continuously differentiable in the combined timespace variable.
9 Then, the R d -valued path t → ∇ x F (t, X t ) and the R d×d -valued path t → ∇ 2 xx F (t, X t ) would be 1/p-Hölder regular and
where the supremum norm is taken over the convex hull of {(t, X t ) : 0 ≤ t ≤ T } in R d+1 and hence depends on the path realisation. From this estimate we see that the Gubinelli derivative of H t can be taken to be
namely the discounted sensitivity Gamma (cf. e.g. [Bjo09, Section 9.2], [Shr04, Subsection 4.5.5]). Set F t := F (t, X t ) for brevity. The error of integration arising from time discretisation along π is therefore pathwise estimated to be
where in the first step we have used (1.5), in the second we have identified the Itô integral against X with the rough integral against the Itô-lift of X, and in the third we have used the "Sewing Lemma" [FH14, Lemma 4.2] (recalled in Lemma A.1). The constant that appears in the last line is therefore bounded as
Notice that the upper bound in (1.9) does not vanish in general as |π| → 0, due to the second summand. This is because the considerations above are those of pathwise analysis. Referring to any P -equivalent measure instead, one classically has that the quantity
goes to zero in probability along any sequence of partitions with vanishing meshsize (cf. for example [RY99, ChapterIV, (1.33)Exercise]). This is an instance of the role played, in the classical Black-Scholes model, by the interpretation of the (undiscounted) price trajectory as a realisation t → S t (ω) of a continuous semimartingale on a stochastic base (Ω, F, P , (F t ) t ). One can push the classical stochastic integration towards pathwise considerations and yet retain the convergence of uncompensated 9 Weaker assumptions will be stated in Theorem 2.4, then discussed in Remark 2.5.
Riemann sums approximations only by fixing a sequence of partitions at the beginning and disregarding the null set of trajectories that display pathological behaviour (Föllmer's Itô-calculus). Rough integration on the other hand allows pathwise robustness with respect to the choice of partitions. This seems a desirable property at the trading desk. Indeed, compensated Riemann sums (( 
where ζ is the zeta function and
is the path-dependent constant.
Hedging comes with a cost, which we refer to as cost of financing and we define to be
If continuous hedging were possible and one were able to take (φ 0 , φ 1 ) = (H 0 , H) as defined in (1.6), then this cost 11 would match F 0 , the price at time t = 0 of the option, on a P -full set. We remark that the probability P is the measure of the stochastic base on which in the continuous-time case the Itô integral (φ 1 .S) t would be defined. In practice, the cost of financing has two components: the theoretical price F 0 and the cost arising from time discretisation, which is C(φ) t − F 0 and for which a pathwise estimate can be obtained by a straightforward application of rough integration bounds, as we show in Corollary 2.8. We deal with the strategy
obtained by discretising (1.6) along π. Although in the limit as |π| → 0 this strategy replicates the option payoff and, with probability 1, has cost of financing equal to the option price, neither of these properties are true for (
Indeed, on the one hand, the final value
, so that the strategy commits the following error of replication:
(1.11)
On the other hand, the cost of financing C T is
(1.12)
The errors in (1.11) and in (1.12) are different in nature. Equation (1.11) has a pathwise meaning and its definition does not require the stochastic base (Ω, F, P , (F t ) t ) of the market model: there is no need of thinking of the price trajectory as a realisation of a semimartingale. On the contrary, the Itô integral in (1.12) presupposes a stochastic base and cannot be defined pathwise; moreover, although Riemann sums approximate the Itô integral, this approximation is not uniform among equivalent probability measures on the same filtered measurable space (Ω, F, (F t )) -see Example B.2. Therefore, Equation (1.12) heavily relies on the stochastic base of the market model, both for the possibility of its writing and for its error estimation. In Section 2.2 we interpret the second-order process of the Itô-lifted reduced rough path of the price trajectory as the payoff of certain financial derivatives on the underlying. By enlarging the strategies in cash and stocks with positions on these derivatives we will obtain, in the pathwise limit of rough integration theory, a continuous-time strategy with model-independent cost of financing exactly equal to the initial endowment. Expectedly, deploying such a strategy has the drawback of a non-zero error of replication; this error, being pathwise and probability-independent, can be interpreted as a model-free cost of hedging.
A pathwise viewpoint on hedging
Preliminarily, we agree on the following terminology: the pair
It will always be assumed that x → a i,j (x) is continuous on R d . We reserve the letter S for the (undiscounted) price trajectory, which is assumed to be a continuous path S :
for positions in cash and in stocks to be held on the time subintervals (u, u ′ ] of π has to be tested according to two measurements: its cost of replication and its cost of financing. The former is the difference between the payoff and the final value of the portfolio, namely
T S T ; the latter (cf. (1.10)) is the sum of the amounts of money required at each node u ∈ π ∩ (0, T ) for rebalancing the positions in cash and stocks.
Notice that, for the definition of the classical delta hedging of equation (1.6), only the diffusion generator of the market model is relevant, whereas the stochastic base is not. With this respect, we sometimes write "L-delta hedging", in order to emphasize that it is defined in terms of the semigroup e tL of L as explained in Sections 1.1 and 1.2.
Gamma-controlled delta hedging
Sections 1.1 and 1.2 standing as motivation for the statements to come, we start by giving the following 
The symbol ⊙ denotes the symmetric tensor product x ⊙ y = (1/2)(x ⊗ y + y ⊗ x).
where A s,t , 0 ≤ s ≤ t ≤ T , are the increments of a continuous path in
We say that the reduced rough path
are the increments of an R d ⊙ R d -valued path of bounded variation, namely if the path A in Definition 2.1 is such that
Given the diffusion generator L = trace(a∇ 2 )/2 of a market model and a continuous path X : [0, T ] → R d of finite p-variation, 2 < p < 3, we can lift X to a reduced p-rough path of bounded-variation-bracket by setting
In this case, we refer to X = (X, X) as the L-enhancement of X. The converse construction, which starts from a reduced rough path of bounded-variation-bracket and defines a generator, is formalised in the following definition -together with an additional assumption of Hölder regularity (needed below).
Definition 2.2 ("Reduced rough path of α-diffusion type"). Let X = (X, X) be a reduced p-rough path of bounded-variation-bracket. We say that X is of α-diffusion type, p − 2 < α < 1, if by setting 
with some continuous strictly positive c :
and we say that the market model
Proposition 2.3 ("PDE-pricing in [X]-compatible market models: perspective of discounted trajectory"). Consider the discounted contingent claimh(X T ) = e −rT h(X T ), given by some non-negative h in C b (R d ) and some terminal value X T of a reduced prough path 13 of α-diffusion type. Consider the equation
Then, the Cauchy problem (2.2) admits a solution
and, on any [X]-compatible market model, the value F (t, X t ) can be considered as the discounted price at time t < T of the option maturing at T and yielding h(X T ). 
where p * := pq/(p + q);
(ii) there exists a control function ω ∇ 2 and some κ in [1,
is a Gubinelli X-controlled path of (p, q)-variation regularity and it is such that
Proof. We proceed by showing that
where
is a control, and the claimed finiteness of the p * -variation of R H is thus established.
We can expand the increments of F t := F (t, X t ) as
We have used (2.2) on the second line to re-express time derivatives as spatial ones. The assumed additional regularity of the solution F of (2.2) allows to control the three increment-type summands in the expansion: it holds
and
where Conv(X[0, T ]) is the convex hull of the trace of the path; and
Recall that, in particular, 2+α p > 1 by the choice of α in the definition of reduced p-rough path of α-diffusion type. Then, the three estimations above say that, for the expansion of the increments F s,t , the following holds: there exists a controlω and an exponentγ > 1 such that
Hence,
The possibility to split the limit descends from the already-known 14 convergence of ((
approximates the Stieltjes integral of the continuous function u → ∂ 2 i,j F (u, X u ) against the measure m i,j of (2.1). Hence, in the limit as |π| → 0 it converges to t 0
The cancellation guaranteed by (2.2) then implies (2.3).
Remark 2.5. The formulation of Theorem 2.4 was phrased in the attempt to achieve some generality, but easier situations can be conceived. If n and m are non-negative integers and α, β are in [0, 1), consider the space
of R e -valued functions f that are m times continuously differentiable in time with the m-th time derivative of β-Hölder regularity, n times continuously differentiable in space with all the n-th order space derivatives of local α-Hölder regularity, and such that the following two conditions hold: (i) for every multiindex I with |I| = n and every compact
Thus, consider the Hölder-regularity regime for which X is in
would be 1/q-Hölder X-controlled, i.e.
No probability appears in Proposition 2.3 nor in Theorem 2.4, in which the hedging practice is pathwise analysed in a deterministic manner starting uniquely from the contingent claim h and the discounted asset price trajectory X, provided that the latter is endowed with a finite-variation-bracket that turns it into a reduced p-rough path of α-diffusion type. All Itô-diffusion processes are examples of such price trajectories as the discussion in Section 1.2 has shown. With this respect, Proposition 2.3 and Theorem 2.4 are inscribed in the literature concerning Model-free Finance. It also highlights the paramount role of the [X]-diffusion generator, which is the actual feature of X that sets the pricing and hedging tasks. In more classical terms of Mathematical Finance, this feature is the square a = σσ T of the volatility. We expand on this by re-reading Proposition 2.3 and and Theorem 2.4 from the perspective of undiscounted prices.
Theorem 2.6 ("Gamma sensitivity pathwise controls delta hedging"). Let L be the diffusion generator in a market model and assume that its coefficients a
i,j are locally α-Hölder for some α > p − 2. Consider the undiscounted L-enhancement of the price path S given by 
is a Gubinelli S-controlled path of (p, q)-variation regularity and
Remark 2.7. The Rough Differential Equation in (2.4) syntactically coincides with the classical Stochastic Differential Equation for the portfolio process in the delta hedging. We remark that the employed notation for the rough integral has the unfortunate disadvantage of concealing the dependence on the integrand's Gubinelli derivative. This dependence is nonetheless to be noticed and acquires a meaningful financial interpretation: it says that the portfolio's trajectory of the hedging strategy, when pathwise analysed, reveals to be sensitive also to greeks other than the leading first-order delta. We highlight this by rephrasing estimate (A.4) of the Sewing Lemma in the financial context of Theorem 2.6: On any subinterval [u, t] of [0, T ], the increment
DeltadS of the portfolio of stocks in the replicating strategy is probability-independently approximated as follows
Proof of Theorem 2.6. The fact that (Delta, Gamma) is Gubinelli S-controlled of (p, q)-variation regularity is proved as in Theorem 2.4. Also, the same Taylor expansion shows that for someγ > 1 and some controlω, on the subintervals [u, u ′ ] of any partition π, it holds
By applying the operator lim |π|→0 u∈π to both sides of this expansion, we obtain (2.4) since v solves the Black-Scholes partial differential equation
As M. Davis' entry in the Encyclopedia of Quantitative Finance ([Enc10]) explains, 16 , in the (mono-dimensional) classical Black-Scholes hedging the sensitivity Gamma measures the (SDE-)model robustness, in the following sense: if we assume that there exist (random) coefficients β = β(t, ω) and
such that the actual stock price follows the dynamic dS = βSdt + σ true SdW -as opposed to the modelled dynamic dX = µXdt + σXdW -, then the final hedging error that the strategy
where Γ t = ∂ 2 zz v(t, S t ) and v is the solution to equation (1.4). Analogous considerations are possible in the more general setting of Theorem 2.6; indeed, the setting depicted makes the crucial pathwise manipulations syntactically behave as those of the Itô calculus (see Corollary 2.9 and Proposition 2.11). Before showing this, however, we observe that a straightforward application of rough-integration bounds also reveals that when Gamma is small the pathwise cost of financing 17 is small as well, and hence it reinforces the advocacy of Gamma neutral hedging. 
where osc(ω, |π|) is the modulus of continuity of ω on a scale smaller or equal than the meshsize of the partition, and F T −,T is the difference between F (T, X T ) =h(X T ) and the discounted value F (T −, X T − ) of the option at the second last node of the partition. The path-dependent constant K appearing in the bound is not greater than
where ω
Proof. Let π be a fixed partition. For 0 ≤ t ≤ T , we set
where we recall the notation (1.7). We preliminarily observe that
The cost of financing was defined in equation (1.10). 18 c.f. Lemma A.1 in Appendix A.
where in the second line we have used summation by parts. Then,
whence, by proceeding as in (1.9), the claim is established.
19
Until now, we have worked with the identification X =S, i.e. the reduced rough path at hand has represented the actual lifted trajectory of the discounted stocks' prices. In other words, the market models have been [S]-compatible. This amounts to considering the square a = σσ T of (co-)volatilities a true parameter. In Corollary 2.9 below, we no longer do so and we distinguish the modelled reduced rough path X from the actual trajectoryS. The only assumption onS is that it is a reduced rough path, i.e. its traceS a continuous path of finite p-variation, 2 < p < 3: its bracket [S] is not required to be of bounded variation and the integrals against it will be interpreted as Young integrals. 
) is a GubinelliS-controlled path of (p, q)-variation regularity and
where ω, K and |F T −,T | are as in Corollary 2.8 and
Remark 2.10. On general market models that are not assumed to be [S]-compatible, equations (2.8) and (2.9) are respectively the counterparts of equations (2.3) and 19 Notice that the identification of the increments F u,u ′ with
∇xF dX is solely due to (2.3), namely it is pathwise and does not refer to the Itô-Doeblin formula exploited in (1.5). 20 The original article by L. C. Young is [You36] , where the extension of Stieltjes integral was introduced. Our reference is the rough path-oriented presentation of the Young integral contained in [FV10, Chapter 6].
(2.6). The formula in (2.8) generalises what the survey paper [EJP17] calls "fundamental theorem of derivative trading". Complete syntactical overlap with the latter is achieved below in equation (2.11) of Proposition 2.11, where the undiscounted perspective is adopted.
Proof of Corollary 2.9. The fact that (∇ x F (t,S t ), ∇ 2 xx F (t,S t )) isS-controlled of (p, q)-variation regularity is already contained in Proposition 2.3, because it does not involve the second-order component ofS. Also, the Taylor expansion of Theorem 2.4 yields a controlω and an exponentγ > 1 such that however chosen a subinterval
Therefore, by considering the subintervals [u, u ′ ] of a partition π, summing over these, and letting |π| → 0, we obtain
and in particular (2.8). The second summand on the right hand side is a welldefined Young integral because t → ∇ 2 xx F (t,S t ) is of bounded q-variation, q < p/α, and α > p − 2 by assumption.
Write F s,t for the increments
Owing to (2.10), for every subinterval [u, u ′ ] of a partition π we can write
Therefore,
where, by applying the bounds in [FV10, Theorem 6.8] we see
Therefore, by plugging in (2.7), we conclude. 
where the integral on the right hand side is a well-defined Young integral, and Y t is given as the solution to the Rough Differential Equation
Proof. We manipulate the Taylor expansion in the proof of Theorem 2.6 and, for 0 ≤ u ≤ t ≤ T , we write
where v is the solution to the d-dimensional undiscounted Black-Scholes partial differential equation,ω is a control function andγ > 1. We sum over the nodes of a partition and then we let the meshsize shrink to zero, obtaining (2.11). The good definition of the Young integral of Gamma against [S true ] and [S] holds as in Corollary 2.9.
Remark 2.12. Equation (2.11) stands in complete formal analogy with (2.5). However, the financial meaning is less immediate to bring to the surface. This concerns the interpretation of the rough integral t 0
Delta dS true in the definition of Y t as the portfolio value stemming from the position Delta on the stocks S. Classically, Itô integrals against price processes, being the probabilistic limit of Riemann sums, can be interpreted as portfolio processes in their own; here instead the term t 0
Delta dS true is not in general approximated by Riemann sums. In order to have such approximation (and hence interpretation), we need to fix a suitable sequence of partitions π n , n ≥ 1, such that the correction terms ( πn Gamma.S true ) go to zero as n ↑ ∞. 21 N. Perkowski and D. Prömel in [PP16] tackle this issue. They construct a second order process S true of the price path based on a model-independent integration, and they prove that, with such lift, the correction terms in fact vanish in the limit along sequences of partitions consisting of well-behaved rebalancing times. 22 Their Lemma [PP16, Lemma 4.14] shows that partitions consisting of well-behaved rebalancing times indeed exist and can be explicitly constructed. 21 This means restoring the Föllmer integration framework. 22 Let S be a price trajectory of p-variation regularity, 2 < p < 3. The sequence πn, n ≥ 1, of partitions of [0, T ] consists of well-behaved rebalancing times for S if
(ii) ( πn S.S) converges uniformly to a limit as n ↑ ∞; (iii) there exists a control function ω such that
Towards a proposal for a model-independent threshold on the cost of hedging
Consider the classical delta hedging strategy of (1.6) in the continuous-time abstraction, namely φ t = (H 0 t , Delta t ) given by
where V t and S t are as in Theorem 2.6. This classical delta hedging has by construction no cost of replication; indeed,
the second equality coming from the terminal condition v(T, ·) = f (·) of the BlackScholes partial differential equation. We emphasise that this does not depend on the market model: however chosen the filtered probability space and the diffusion generator, this condition remains robustly the same. On the contrary, given the partition π, consider the discretised strategy (
Such discretised strategy is self-financing on the grid π if and only if for all u > 0 in π it holds rebal π (u) = 0, or equivalently if and only if
. By summing over u ∈ π t , u < t, we have
If S is a semimartingale on (Ω, F, P , (F t ) t ), then taking the P -limit as |π| → 0 justifies the axiomatic condition (1.1), owing in particular to
Here the market model does come into play to guarantee the convergence of the Riemann sums to the Itô integral t 0
HdS of H against the semimartingale S = S t (ω), of which the actual price trajectory is thought of as a realisation.
As Theorems 2.4 and 2.6 suggest, at the price of endowing the path trajectory with a second order process, i.e. at the price of lifting it to a reduced rough path, the stochastic base component of the market-model pair ((Ω, F, P , (F t ) t ), L) can in fact be disregarded. In the following, we propose a way to upper bound the total cost of hedging retaining the independence from (Ω, F, P , (F t ) t ), provided that the market is rich in financial derivatives on S t . More precisely, we assume that for every symmetric 
Recall that given a (continuos) path ϕ in R m and a partition π we denote by π ϕ the following piecewise constant caglad approximation: 
Then, for every continuous 
where, for 0 ≤ s < t ≤ T and 1 ≤ i ≤ j ≤ d, the amount p i,j (s, t) = p j,i (s, t) denotes the (exogenously-given) price at time s of the swap S i,j s,t with maturity t. The probabilityindependent measurement of the cost of continuous hedging is given by the cost of replication
2 ) in cash, stocks and swaps that has zero cost of financing in a pathwise probability-free sense. Proposition 2.13 ("Existence of Black-Scholes priced enlarged strategies"). Assume the setting of Theorem 2.6. Assume that the price p(s, t) of the (co-)variance swaps S s,t defines an 
Ξ is the continuous integral path of Ξ.
Proof. We set
where Y t = t 0 Ξ is the continuous real-valued function given by lim |π|↓0 u∈π Gamma u p(u∧ t, u ′ ∧ t). It holdsẏ t = ry t − rY t , and thus we can write
We use this to build the strategy (φ 0 , φ 1 , φ 2 ), where the positions in stocks and swaps are respectively the delta and gamma hedging, while
where w t := v(t, S t ) + y t − Y t . The cost of rebalancing along a partition π is
Hence, summing over u ∈ π t , u > 0, we have u∈πt u>0
In the limit as |π| → 0 we conclude
owing to (2.4) and (2.12).
Remark 2.14. In Proposition 2.13 the prices of the swaps are exogenously given and assumptions are placed on such prices when viewed as functions on 0 ≤ s ≤ t ≤ T . If instead we refer to the classical semimartingale setting within which the swaps are priced on a market model according to the paradigm p(s, t) = E * e −r(t−s) S s,t |F s , then the assumptions of Proposition 2.13 would be granted for example by the boundedness of a : R d → R d×d . Indeed, in this case there would exist a constant depending only on r, T , and a ∞ , such that |p(s, t)| r,T, a ∞ |t − s| , and thus in particular for all s ≤ u ≤ t
Conclusions and directions of further research
The theory of fair pricing of contingent claims (here, European options' payoffs) hinges on martingales. The path trajectories of such stochastic processes, which model stock price movements, are consequently of unbounded variation. This poses the technical difficulty of using these trajectories as integrators -which usage is nonetheless required in order to describe portfolio increments (cf. [HP81] ). In the probabilistic framework, the technical difficulty is resolved by relying on Itô's integration theory, born in the Forties ( [Ito44] , [Ito46] ). More recently (1998, 2004) , T. Lyons and M. Gubinelli developed a new pathwise theory of integration that allows to use unbounded variation signals as integrators. This has been paralleled by new notions of (rough) differential equations, referred to as RDEs, a convenient treatment of which was initiated by A. M. Davie ([Dav07] ). Our paper's element of novelty is the introduction of Gubinelli's theory of controlled rough paths in the context of European options' pricing and hedging. A first objective has been the rigorous derivation of Davie's type RDE versions of the classical equations of Mathematical Finance (see Theorem 2.6, and Equation (2.4) in particular). This has required to find the Gubinelli's derivative of the process describing the positions in stocks that has to be held for the replication of the option's payoff. As shown in Theorem 2.6, the Gubinelli's derivative of the classical delta hedging is the gamma sensitivity. This results reveals that it is when pathwise analysed that the hedging practise manifests higher-order sensitivities; such dependence is not captured by the classical continuous-time probabilistic framework, but has been largely recognised in real world trading.
Second order processes of rough integration theory and Gamma sensitivities provide insights into the analysis of portfolio trajectories. Along these lines, Corollary 2.8 estimates the cost of financing the delta hedge that arise from time-discretisation. This is a question of practical relevance.
Furthermore, the proposed rough path framework has yielded generalisation of the so-called fundamental theorem of derivative trading. This name is borrowed from the survey paper [EJP17] on such formula (which has been known since the Nineties). The theorem addresses the mismatch between the modelled dynamic of stock price and its "real" evolution. Our Corollary 2.9 and Proposition 2.11 have the appealing feature of not supposing an Itô diffusion form for the "real" evolution, which in particular can be rougher than Brownian motion. Notwithstanding, the proven formula (2.11) stands in formal analogy with the classical one; as such, it consistently emphasises that the discrepancy between model and reality can be controlled by reducing the Gamma sensitivity of the hedging portfolio. Section 2.2 has discussed the financial interpretation of second order processes as financial derivatives on the underlying security. When the market is rich in such instruments, they can be used to hedge the European option of interest: Proposition 2.13 exhibits the existence of a strategy in cash, stocks and covariance swaps whose cost of financing matches the initial endowment provided by Black-Scholes classical PDE price of the option. (More precisely, the overall cost of rebalancing the portfolio is zero in the continuous-time limit). In contrast with those trading only cash and stocks, our enlarged strategy has the remarkable feature of a probability-free cost of financing. However, it commits an error of replication. This error is explicitly computed and reveals to be probability-free as well. As such, this quantity can be interpreted as a probability-free threshold on the cost of hedging, valid across driftchanging probability measures that act on [X]-compatible market models.
We regard our paper's building blocks (Proposition 2.3, Theorem 2.4, Theorem 2.6, Proposition 2.13) as the starting point of further research. A possible direction could be the employment of enhanced trajectories other than the Itô's ones. This would modify the change-of-variable rules (hence, it would make the RDE formulation depart from the classical SDE one), but it could more tightly lace second order processes to actually traded derivative instruments. Enlarged strategies would then on the one hand serve as non-conventional replicating tools, on the other hand they would reveal information about the market in which the European options are priced and traded. The philosophy backing the latter aligns with D. T. Breeden and R. H. Litzenberger's fundamental insight into market-implicit prices ( [BL78] ).
The classical Greeks of Mathematical Finance (our paper employs Delta and Gamma) are derivatives of the semigroup arising from Black-Scholes partial differential equation (2.2). A second further development of our paper could therefore be based on local formulations of Poincaré and logarithmic Sobolev inequalities (cf. [BGL14, Sections 4.7 and 5.5]). These inequalities can sharpen the integration bounds and, consequently, improve the controls on the delta strategy's cost of financing.
Thirdly, the concept of Gubinelli's derivative can be used to give a new viewpoint on a strategy's higher-order sensitivities. One can regard the Gubinelli derivative as a map from a suitable Banach space of integrands (financially interpreted as the space of trajectories of possible strategies in stocks) into sensitivities' paths. Statements about continuity and boundedness of such map would then translate in stability results for options' replication. Assume that Ξ is defectively-additive, i.e. that there exists γ ∈ (1, 2) and some control function 25 ω for which δΞ ω,γ := sup |δΞ s,u,t | ω γ (s, t) : 0 ≤ s < u < t ≤ T < ∞. This proves (A.3) and says that Ξ is well-defined and consistent as pointwise limit of t → π n t Ξ along any sequence (π n ) n of partitions of [0, T ] with meshsizes |π n | shrinking to zero. Here we have used the notation π whereû := inf{v > u : ω(u, v) ≥ 2 −(n+1) ω(s, t)}. We are assuming, without loss of generality, that (π n ) n has vanishing meshsize, i.e. that ω is strictly increasing, in the sense that ω(s, t) > 0 if s < t. Notice that by continuity of ω it holds ω(u,û) = 2 −(n+1) ω(s, t) and by subadditivity ω(û, u ′ ) ≤ 2 −(n+1) ω(s, t). Thus, = δΞ γ ω γ (s, t) 2 n(1−γ) .
Given a partition
The right hand side is summable in n. Hence, , and let F be its Borel σ-algebra. Let P be the Wiener measure on (Ω, F), so that the coordinate map X t (ω) = ω(t), ω ∈ Ω, is a ((F t ) t , P )-Brownian motion, where F t is the P -completion of σ(X s : 0 ≤ s ≤ t). Consider the sequence P k , k ∈ N, of probability measures on (Ω, F, (F t ) t ) given by dP k dP | Ft = exp kX t − k 2 2 t , 0 ≤ t ≤ 1, k = 1, 2, . . . .
We observe that for each k, the process X t − kt is a ((F t ) t , P k )-Brownian motion. For each k, for every continuous (F t ) t -adapted integrand H and any sequence (π n ) n of partitions with vanishing meshsize we have that Indeed, since π n+1 = π n ∪ {(2l + 1)2 −(n+1) : l = 0, . . . , 2 n − 1}, we have v∈πn+1 v<1
H u+2 −(n+1) − H u X u+2 −(n+1) , u+2 −n =2 −(n+1) X 2 −(n+1) ,1 .
Hence, under P k the difference ( and N is a standard normal random variable. We conclude
where Φ is the cumulative distribution function of a standard normal random variable.
